We solve an homogeneous Riemann-Hilbert problem, such that the density does not satisfy the zero index condition. Moreover, we find an asymptotic representation for the solution to this problem. As an application, the problem mentioned above appears in the construction of a Green operator for a linear partial differential equation with Riesz fractional derivative. Also, in order to estimate such operator the asymptotic representation is used.
Introduction
As a motivation for the main result of this paper we give an application in the theory of partial differential equations. In the study of initial boundary-value problems for linear evolution equations with Riesz fractional derivatives, ⎧ ⎨ ⎩ u t + |∂ x | α u = 0, t > 0, x > 0; u(x, 0) = u 0 (x), x > 0; u(0, t) = h(t), t > 0; (1.1) where |∂ x | α is a Riesz fractional derivative defined by
u, [α] denotes the integer part of the number 0 < α < 2, α = 1, and R α is the modified Riesz potential (see [3] ),
In particular, in the construction of the Green function for the linear problem (1.1), an homogeneous Riemann-Hilbert problem has to be solved (see [1] ). Also, in order to prove the existence and uniqueness of solutions, it is important to estimate such Green function, this can be done using the asymptotic representation for the solution to the Riemann-Hilbert problem. In this paper we solve an generalized homogeneous Riemann-Hilbert problem and we construct their asymptotic representation.
Preliminaries
First, we enunciate some results from the theory of functions. 
α) is called the Hölder constant, α the Hölder exponent. The set of Hölder continuous functions on
Then the index β of ϕ with respect to L is the mean variation or arg ϕ(ζ) while ζ varies on L in the positive direction passing any point once, 
where
Problem formulation and main results
We consider the contour L := iIR and a not vanishing complex-valued function 
This problem is know as homogeneous Riemann-Hilbert problem.
Definition 3.1 We define ln
We note that ln − (z) and ln + (z) are the analytic functions on the right and left complex semi-planes, respectively. The main result of this paper is the following.
Theorem 3.2 (Main result)
, when p → ±i∞, > 0, and Ind G = β. Then, the Riemann-Hilbert problem (3.1) has the solution
where A is a constant and
Moreover, Y ± has the asymptotic representation, as p → ±∞,
Proof of main theorem
First, we note that Ind
Using (3.1) and (4.1) we obtain
Therefore by Liouville's Theorem (see [2] )
where A is a complex constant. The previous formula is a solution to the Riemann-Hilbert problem (3.1). Now, we are going to find an asymptotic representation for Y ± (p).
Asymptotic for Y ± (p)
First, we obtain an equivalent formula for Γ 0 . Integrating by parts we get
Using that ln φ(±iR) → 0, as R → ∞, we obtain Γ 0 (z) = −
where ln ± (z) was defined in (3.1). Now,
dq, and by Cauchy's Residue Theorem,
Therefore, by last equation 
where h(q, p) = 2πiθ( p)θ( p + q)θ(|q| − |p|). Then, from ln(1 − z) = O (z γ ), 0 < γ < 1, |z| < 1, and using that G(q) = 1 + O(q − ), when q → ±i∞, > 0, we get
